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Let H, V and K be separable Hilbert spaces. In this paper we consider the existence and
uniqueness of energy solutions to the following stochastic evolution equation:{
dX(t) = [A(t, X(t))+ f (t, X(t))]dt + g(t, X(t))dW (t), t ∈ [0, T ],
X(0) = X0 ∈ H,
where A(t, ·) : V → V ∗ is a linear bounded operator with coercivity, monotone condition
and hemicontinuity, f : [0,∞) × H → H and g : [0,∞) × H → L02(K , H) are measurable
functions and satisfy the local non-Lipschitz condition proposed by the author [T. Taniguchi,
Successive approximations to solutions of stochastic differential equations, J. Differential
Equations 96 (1992) 152–169].
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1. Introduction
The stochastic evolution equations have been investigated as the models of the systems in physics, chemistry, biology,
economics and ﬁnance from variable points of the view. And there exist a lots of papers on existence and uniqueness of
solutions. Among these papers one can ﬁnd the interesting paper [5] by E. Pardoux. In his paper he considered the existence
and uniqueness of the energy solutions to the following stochastic evolution equation:{
dX(t) = [A(t, X(t))+ f (t, X(t))]dt + g(t, X(t))dW (t), t  0,
X(0) = X0 ∈ H,
(1.1)
where A(t, ·) : V → V ∗ is a linear bounded operator which satisﬁes the coercivity condition (2.1) and the monotone condi-
tion (2.2), f : [0,∞) × H → H and g : [0,∞) × H → L02(K , H) are measurable functions. For the case where f and g and
satisfy the global Lipschitz condition and the linear growth condition, many results are known. However this global Lipschitz
condition is seemed to be considerably strong when one discusses variable applications in real world.
We are concerned with stochastic evolution equations for the case where f and g do not necessarily satisfy the global
Lipschitz condition. Thus we discuss the existence and uniqueness of weak solutions to stochastic evolution equations (1.1)
with the condition proposed by the author [6]. This condition was investigated by G. Cao, K. He and X. Zhang [3], and G. Cao
and K. He [4], D. Barbu and G. Bocs¸an [1,2] and the others as non-Lipschitz condition of Taniguchi type. So in this paper we
consider the existence and uniqueness of weak solutions to (1.1) for the case where f and g satisfy the local non-Lipschitz
condition of this type for the end of wider applications.
✩ This paper is in ﬁnal form and no version of it will be submitted for publication elsewhere.
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ness of the local energy solutions are discussed. In Section 4 an application is presented. In Section 5 we show an example
for illustrating the main theorem.
2. Preliminaries
Let H and V be separable Hilbert spaces with the norm | · | and ‖ · ‖, respectively such that
V ⊂ H ≡ H∗ ⊂ V ∗,
where V is a dense subspace of H and the injections are continuous. We denote by 〈·,·〉 the duality between V and V ∗ and
by (·,·) the inner product in H .
Let K be another separable Hilbert space with the inner product (·,·)K . For the convenience of the readers we present
the general case. Let L(K , H) denote the space of all bounded linear operators from K to H . Let Q ∈ L(K , K ) be nonnegative
self-adjoint operator. Furthermore, L02(K , H) denotes the space of all ξ ∈ L(K , H) such that ξ
√
Q is a Hilbert–Schmidt
operator and so tr(ξ Q ξ∗) < ∞. The norm is given by
‖ξ‖2
L02
:= ‖ξ√Q ‖2HS = tr(ξ Q ξ∗).
Then ξ is called the Q -Hilbert–Schmidt operator from K to H . We note that if Q = I , then L02(K , H) implies L2(K , H).
Let (Ω, P ,) be a complete probability space on which an increasing and right continuous family (t)t∈[0,∞] of complete
sub-σ -algebra of  is deﬁned. 0 contains all the null sets of . Let βn(t) (n = 1,2,3, . . .) be a sequence of real valued one-
dimensional standard Brownian motions mutually independent on (Ω, P ,). When one consider the following series
∞∑
n=1
βn(t)en, t  0,
where {en} (n = 1,2,3, . . .) is a complete orthonormal basis in K , this series does not necessarily converge in the space K .
Thus we consider a K -valued stochastic process W (t) given formally by the following series:
W (t) :=
∞∑
n=1
βn(t)
√
Q en, t  0, Q ∈ L(K , K ).
If Q = I , we have to assume that there exists a Hilbert space K1 ⊃ K such that it converges in K1 containing K with
a Hilbert–Schmidt embedding. However in this paper from now we suppose that the operator Q ∈ L(K , K ) is a nonnegative
self-adjoint trace operator. Then this series converges in the space K , that is, it holds that W (t) ∈ L2(Ω : K ). Let v ∈ K .
The inner product (W (t), v)K given by the above K -valued stochastic process W (t) satisﬁes the conditions of a cylindrical
Wiener process since
(
W (t), v
)
K =
( ∞∑
n=1
βn(t)
√
Q en, v
)
K
, v ∈ K , t  0.
So, when the operator Q ∈ L(K , K ) is a nonnegative self-adjoint trace operator, we usually say the above W (t) the
K -valued Q -cylindrical Wiener process with a covariance operator Q . Next let φ(s) be an L02(K , H) valued t-adapted
stochastic process with E[∫ t0‖φ(s)‖2L02 ds] < ∞. Then we deﬁne the stochastic integral
t∫
0
φ(s)dW (s) ∈ H, t  0,
of φ with respect to the K -valued Q -cylindrical Wiener process W (t) by( t∫
0
φ(s)dW (s), v
)
:=
∞∑
n=1
t∫
0
(
φ(s)
√
Q en, v
)
dβn(s)
for any v ∈ H using the Ito integral with respect to βn(s).
Let 0 < T ∞ and so T = ∞ means [0, T ] = [0,∞). Finally in this section we collect the conditions on the operator A
and the coeﬃcients f and g of (1.1).
Condition 1. The operator A(t, ·) : V → V ∗ is measurable, hemicontinuous and bounded. And there exist an α > 0 and a
β > 0 satisfying the following inequalities:
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〈
A(t,u),u
〉
 β|u|2, u, v ∈ V , (2.1)
2
〈
A(t,u) − A(t, v),u − v〉 β|u − v|2, u, v ∈ V , (2.2)
where 〈A(t,u),u〉 = A(t,u)u denotes the action of A(t,u) ∈ V ∗ on u ∈ V .
Remark 1. Here we remark that A(t, ·) is generally not a bounded operator from H into H .
Condition 2. (1) (the growth condition) there exists a function H(t, r) : R+ × R+ → R+ such that H(t, r) is locally inte-
grable in t  0 for any ﬁxed r  0, and is continuous monotone nondecreasing and concave in r for any ﬁxed t ∈ [0, T ].
Furthermore, for any ﬁxed t ∈ [0, T ] and u ∈ H , the following inequality is satisﬁed:∣∣ f (t,u)∣∣2 + ∣∣g(t,u)∣∣2L02  H(t, |u|2), t ∈ [0, T ], (2.3)
(2) for any constant γ > 0, the differential equation
dθ
dt
= γ H(t, θ), t ∈ [0, T ],
has a solution θ(t) = θ(t;0, θ0) on [0, T ] for any initial value θ0.
Condition 3. (1) (the local condition) for any integer N > 0 there exists a function GN : R+ × R+ → R+ such that GN (t, r)
is locally integrable in t ∈ [0, T ] for any ﬁxed r  0 and is continuous, monotone nondecreasing and concave in r with
GN (t,0) = 0. Furthermore, the following inequality is satisﬁed: for any u, v ∈ H with |u|, |v| N ,∣∣ f (t,u)− f (t, v)∣∣2 + ∣∣g(t,u)− g(t, v)∣∣2L02  GN(t, |u − v|2), t ∈ [0, T ], (2.4)
(2) for any constant γ > 0, if a nonnegative function z(t) satisﬁes that
z(t) γ
t∫
0
GN
(
s, z(s)
)
ds,
for all t ∈ [0, T ], then z(t) ≡ 0 holds for any t ∈ [0, T ].
Condition 4. (1) (the global condition) there exists a function G(t, r) : R+ × R+ → R+ such that G(t, r) is locally integrable in
t ∈ [0, T ] for any ﬁxed r  0 and is continuous, monotone nondecreasing and concave in r for any ﬁxed t ∈ [0, T ]. G(t,0) = 0
for any ﬁxed t ∈ [0, T ]. Furthermore, the following inequality is satisﬁed: for any u, v ∈ H ,∣∣ f (t,u)− f (t, v)∣∣2 + ∣∣g(t,u)− g(t, v)∣∣2L02  G(t, |u − v|2), t ∈ [0, T ], (2.5)
(2) for any constant γ > 0, if a nonnegative function z(t) satisﬁes that
z(t) γ
t∫
0
G
(
s, z(s)
)
ds
for all t ∈ [0, T ], then z(t) ≡ 0 holds for any t ∈ [0, T ].
Remark 2. Condition 3(1) is a generalization of the following condition:
(1) (the local Lipschitz condition) for any ﬁxed integer N > 0, there exists an LN > 0 such that for any u, v ∈ H with
|u| N and |v| N ,∣∣ f (t,u)− f (t, v)∣∣2 + ∣∣g(t,u)− g(t, v)∣∣2L02  LN |u − v|2, t ∈ [0, T ]. (2.6)
In this paper c > 0 denotes a suitable positive real number which changes from line to line.
3. Existence and uniqueness of energy solutions
In this section we discuss the existence and uniqueness of energy solutions to the stochastic evolution equation (1.1) in
a Hilbert space. First we give the deﬁnition of the energy solution to (1.1).
Deﬁnition 1. A t-adapted stochastic process X(t) on (Ω, P , F ) is called the energy solution to (1.1) if
X(t) ∈ L2(Ω × [0, T ]; V )∩ L2(Ω;C(0, T ; H))
and the following conditions are satisﬁed:
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X(t) =
t∫
0
A
(
s, X(s)
)
ds +
t∫
0
f
(
s, X(s)
)
ds +
t∫
0
g
(
s, X(s)
)
dW (s),
X(0) = X0 ∈ H,
(2) the following energy equality holds:
∣∣X(t)∣∣2 = |X0|2 + 2
t∫
0
〈
A
(
s, X(s)
)
, X(s)
〉
ds + 2
t∫
0
〈
f
(
s, X(s)
)
, X(s)
〉
ds +
t∫
0
∣∣g(s, X(s))∣∣2L02 ds
+ 2
t∫
0
〈
g
(
s, X(s)
)
, X(s)
〉
dW (s), t ∈ [0, T ]. (3.1)
When the coeﬃcients f and g of (1.1) satisfy the global Lipschitz condition and the linear growth condition, E. Par-
doux [5] proved the existence and uniqueness of the energy solution to (1.1). So using the similar method as by Pardoux,
we have the following theorem for (1.1) of which the coeﬃcients f and g satisfy global non-Lipschitz condition and the
linear growth condition.
Theorem 1. Assume that Conditions 1, 2 and 4 are satisﬁed. Then there exists a unique energy solution X(t) to (1.1).
We are in position to prove the main theorem in this paper.
Theorem 2. Assume that Conditions 1–3 are satisﬁed. Then there exists a unique energy solution X(t) to (1.1).
Proof. Let N be a natural integer and let T0 ∈ (0, 14 ∧ 14β ∧ T ). We deﬁne the sequence of the functions { fN (t,u)} and
{gN(t,u)} for (t,u) ∈ [0, T0] × H as follows:
fN(t,u) =
{
f (t,u) if |u| N,
f (t, Nu|u| ) if |u| > N,
gN(t,u) =
{
g(t,u) if |u| N,
g(t, Nu|u| ) if |u| > N.
Then the functions { fN } and {gN} satisfy Condition 2 and the following inequality∣∣ fN(t,u) − fN(t, v)∣∣2 + ∣∣gN(t,u) − gN(t, v)∣∣2L02  GN(t, |u − v|2), u, v ∈ H, t ∈ [0, T0].
Thus by Theorem 1 there exist the unique energy solutions XN(t) and XN+1(t), respectively to the following stochastic
evolution equations:
X(t) = X0 +
t∫
0
A
(
s, X(s)
)
ds +
t∫
0
fN
(
s, X(s)
)
ds +
t∫
0
gN
(
s, X(s)
)
dW (s),
X(t) = X0 +
t∫
0
A
(
s, X(s)
)
ds +
t∫
0
fN+1
(
s, X(s)
)
ds +
t∫
0
gN+1
(
s, X(s)
)
dW (s).
Deﬁne the stopping times
σN := T0 ∧ inf
{
t ∈ [0, T ]: ∣∣XN(t)∣∣ N},
σN+1 := T0 ∧ inf
{
t ∈ [0, T ]: ∣∣XN+1(t)∣∣ N + 1},
τN := σN ∧ σN+1.
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∣∣XN+1(t)− XN(t)∣∣2 = 2
t∫
0
〈
XN+1(s) − XN(s), A
(
s, XN+1(s)
)− A(s, XN (s))〉ds
+ 2
t∫
0
〈
XN+1(s) − XN(s), fN+1
(
s, XN+1(s)
)− fN(s, XN (s))〉ds
+ 2
t∫
0
〈
XN+1(s) − XN(s), gN+1
(
s, XN+1(s)
)− gN(s, XN (s))〉dW (s)
+
t∫
0
∣∣gN+1(s, XN+1(s))− gN(s, XN (s))∣∣2L02 ds.
It holds that
2E
[
sup
0st∧τN
s∫
0
〈
XN+1(r) − XN(r), fN+1
(
r, XN+1(r)
)− fN(r, XN (r))〉dr
]
 E
t∧τN∫
0
∣∣XN+1(s) − XN(s)∣∣2 ds + E
t∧τN∫
0
∣∣ fN+1(s, XN+1(s))− fN(s, XN (s))∣∣2 ds
 T E
[
sup
0st∧τN
∣∣XN+1(s) − XN(s)∣∣2]+ E
t∧τN∫
0
∣∣ fN+1(s, XN+1(s))− fN(s, XN (s))∣∣2 ds,
and by the Burkholder, Davis and Gundy lemma
2E
[
sup
0st∧τN
∣∣∣∣∣
s∫
0
〈
XN+1(τ ) − XN(τ ), gN+1
(
τ , XN+1(τ )
)− gN(τ , XN (τ ))〉dW (τ )
∣∣∣∣∣
]
 1
4
E
[
sup
0st∧τN
∣∣XN+1(s) − XN(s)∣∣2]+ cE
t∧τN∫
0
∣∣(gN+1(s, XN+1(s))− gN(s, XN (s)))∣∣2L02 ds,
where c denotes a suitable positive real number which changes from line to line. Thus we have by Condition 1 that
E
[
sup
0st∧τN
∣∣XN+1(s) − XN(s)∣∣2] βE
t∧τN∫
0
∣∣XN+1(s) − XN(s)∣∣2 ds + 1
2
E
[
sup
0st∧τN
∣∣XN+1(s) − XN(s)∣∣2]
+ E
t∧τN∫
0
∣∣( fN+1(s, XN+1(s))− fN(s, XN (s)))∣∣2 ds
+ cE
t∧τN∫
0
∣∣(gN+1(s, XN+1(s))− gN(s, XN (s)))∣∣2L02 ds.
Then since for 0 s τN ,
fN+1
(
s, XN (s)
)= fN(s, XN (s)),
gN+1
(
s, XN (s)
)= gN(s, XN (s)),
we have that
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[
sup
0st∧τN
∣∣XN+1(s) − XN(s)∣∣2] 2βE
t∧τN∫
0
∣∣XN+1(s) − XN(s)∣∣2 ds
+ 2E
t∧τN∫
0
∣∣( fN+1(s, XN+1(s))− fN+1(s, XN (s)))∣∣2 ds
+ cE
t∧τN∫
0
∣∣(gN+1(s, XN+1(s))− gN+1(s, XN (s)))∣∣2L02 ds.
Since T0 > 0 is given as a suﬃciently small time as βT < 14 and
2βE
t∧τN∫
0
∣∣XN+1(s) − XN(s)∣∣2 ds 2βT E[ sup
0st∧τN
∣∣XN+1(s) − XN(s)∣∣2],
we have that
E
[
sup
0st
∣∣XN+1(s ∧ τN)− XN(s ∧ τN)∣∣2]
 4E
t∫
0
∣∣ fN+1(s ∧ τN , XN+1(s ∧ τN))− fN+1(s ∧ τN , XN(s ∧ τN))∣∣2 ds
+ 2cE
t∫
0
∣∣gN+1(s ∧ τN , XN+1(s ∧ τN))− gN+1(s ∧ τN , XN (s ∧ τN))∣∣2L02 ds
 2(2+ c)E
t∫
0
GN+1
(
s ∧ τN ,
∣∣XN+1(s ∧ τN) − XN(s ∧ τN)∣∣2H)ds.
Thus, since there exists a γ > 0 such that
E
[
sup
0st
∣∣XN+1(s ∧ τN)− XN(s ∧ τN)∣∣2] γ
t∫
0
GN+1
(
r ∧ τN , E
[
sup
0rs
∣∣XN+1(r ∧ τN)− XN(r ∧ τN)∣∣2])dr
for all t ∈ [0, T0], by Condition 3,
E
[
sup
0sT∧τN
∣∣XN+1(s) − XN(s)∣∣2]= 0.
Therefore we obtain that
XN+1(t) = XN(t) for 0 t  T0 ∧ τN , a.e. ω.
For each ω ∈ Ω there exists an N0(ω) > 0 such that 0< T0  τN0 . Deﬁne X(t) by
X(t) = XN0(t) for t ∈ [0, T0].
Since X(t ∧ τN ) = XN(t ∧ τN ), in V ∗ it holds that
X(t ∧ τN) = X0 +
t∧τN∫
0
A
(
s, XN (s)
)
ds +
t∧τN∫
0
fN
(
s, XN (s)
)
ds +
t∧τN∫
0
gN
(
s, XN (s)
)
dW (s)
= X0 +
t∧τN∫
0
A
(
s, X(s)
)
ds +
t∧τN∫
0
f
(
s, X(s)
)
ds +
t∧τN∫
0
g
(
s, X(s)
)
dW (s).
Letting N → ∞, we have that in V ∗
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t∫
0
A
(
s, X(s)
)
ds +
t∫
0
f
(
s, X(s)
)
ds +
t∫
0
g
(
s, X(s)
)
dW (s), t ∈ [0, T0].
The energy equation for X(t) holds as XN satisﬁes the energy equation. Thus we have that X(t) is an energy solution
to (1.1), which completes the proof of the theorem. 
4. Application
Let H and V be the same ones as in Section 2. Assume that there exists the product uv in H for u, v ∈ H . We note that
there exists an M  1 such that |uv| M|u||v| for any u, v ∈ H . Assume that the function β : [0, T ] × H → H is continuous
and a local Lipschitz function in u uniformly in t , that is, for any N > 0 there exists an LN > 0 such that∣∣β(t,u) − β(t, v)∣∣2  LN |u − v|2
for u, v ∈ H with |u|, |v| N . Consider the following stochastic evolution equation:{
dX(t) = [A(t, X(t))+ f (t, X(t))β(t, X(t))]dt + g(t, X(t))dW (t), t  0,
X(0) = X0 ∈ H,
(4.1)
where A(t, ·) : V → V ∗ is a linear bounded operator which satisﬁes the coercivity condition (2.1) and the monotone condi-
tion (2.2), f : [0, T ] × H → H and g : [0, T ] × H → L02(K , H) are continuous functions. Assume that there exists a B0 > such
that | f (t, v)| B0 for all (t, v) ∈ [0, T ] × H . Set
KN(t, r) := 2M2
(
sup
|v|N, t∈[0,T ]
∣∣β(t, v)∣∣2 ∨ 1)G(t, r),
FN(r) := 2M2LN B20r,
where f , g and G(t, r) satisfy the same condition as in Condition 4.
Theorem 3. Assume that Condition 1 is satisﬁed, and f and g satisfy Conditions 2 and 4. Assume that the function G(t, r) satisﬁes the
following condition: if a nonnegative function z(t) satisﬁes that for any given γ > 0,
z(t) γ
t∫
0
[
G
(
s, z(s)
)+ z(s)]ds
for all t ∈ [0, T ], then z(t) ≡ 0 holds for any t ∈ [0, T ]. Then there exists a unique local energy solution to (4.1) with
X(t) ∈ L2(Ω;C(0, T ; H))∩ L2(Ω × [0, T ]; V ).
Proof. For any given N > 0 we have that for |u| N and |v| N∣∣ f (t,u)β(t,u) − f (t, v)β(t, v)∣∣2 + ∣∣g(t,u)− g(t, v)∣∣2L02
 2M2
(
sup
|v|N, t∈[0,T ]
∣∣β(t, v)∣∣2)∣∣ f (t,u)− f (t, v)∣∣2 + 2M2B20∣∣β(t,u) − β(t, v)∣∣2 + ∣∣g(t,u)− g(t, v)∣∣2L02
 KN
(
t, |u − v|2)+ FN(|u − v|2).
Since the function GN (t, r) := KN (t, r) + FN (r) satisfy Condition 3 and the coeﬃcients f (t,u)β(t,u) and g(t,u) satisfy
Condition 2, we have by Theorem 2 that there exist a T0 > 0 and a unique local energy solution to (4.1) with
X(t) ∈ L2(Ω;C(0, T0; H))∩ L2(Ω × [0, T0]; V ). 
5. Example
In this section we present an example for illustrating Theorem 2. Let K := L2(0,π) and en :=
√
2
π sin(nx) (n = 1,2,3, . . .).
Then {en} is a complete orthonormal basis in K . Let W (t) :=∑∞n=1 √λnβn(t)en , λn > 0, where {βn(t)} are one-dimensional
standard Brownian motions mutually independent on a usual complete probability space. Deﬁne the operator Q : K → K
by setting Q en = λnen (n = 1,2,3, . . .) and assume that trace(Q ) =∑∞n=1 λn < ∞. Let H := L2(0,π) and A = ∂2∂x2 with the
domain D(A) := H10(0,π) ∩ H2(0,π). Consider the following stochastic evolution equation:⎧⎨
⎩
dX(t) = [AX(t) + λ(t) f (X(t))X(t)]dt + γ1X(t)dW (t), γ1 > 0, t  0,
X(0, x) = X0(x) ∈ H, x ∈ [0,π ], (5.1)
X(t, x) = 0, (t, x) ∈ (0,∞) × ∂[0,π ],
252 T. Taniguchi / J. Math. Anal. Appl. 360 (2009) 245–253where λ2(t) > 0 is a locally integrable function and f : H → H is a bounded continuous function. Let φ be as follows:
φ(x) =
⎧⎪⎨
⎪⎩
0, x = 0,
cx(log 1x ), 0< x δ,
cδ(log 1
δ
), x> δ
or
φ(x) =
⎧⎪⎨
⎪⎩
0, x = 0,
cx(log 1x )
1
3 log log 1x , 0< x δ,
cδ(log 1
δ
)
1
3 log log 1
δ
, x> δ
with c > 0 and 0< δ < 1 is suﬃciently small. Assume that the following inequality is satisﬁed:∣∣ f (u)− f (v)∣∣2  φ(|u − v|2), u, v ∈ H . (5.2)
Then we have the following example for Theorem 2. We note that there exists an M  1 such that |uv| M|u||v| for any
u, v ∈ H .
Example 1. Under the above conditions there exist a T0 > 0 and a unique local energy solution X(t) to (5.1) with
X(t) ∈ L2(Ω;C(0, T0; H))∩ L2(Ω × [0, T0]; V ).
Proof. Since f (u) is a bounded function, there exists a B1 > such that | f (v)| B1 for any v ∈ H . For any nonnegative real
number r ∈ R+ we set
ΦN(r) := 2M2N2φ(r),
Ψ (r) := (2M2B21 + γ 21 trace(Q ))r.
We deﬁne ρ(t) by
ρ(t) :=
{
1 if λ(t) 1,
λ2(t) if λ(t) > 1.
Then ρ(t) is a locally integrable function. And we have that∣∣λ(t) f (u)u − λ(t) f (v)v∣∣2 + |γ1u − γ1v|2L02  ρ(t)
(
ΦN
(|u − v|2)+ Ψ (|u − v|2)), u, v ∈ H .
On the other hand set
a := (2M2B21 + γ 21 trace(Q )).
Since φ is a concave function, it follows that φ(r) φ(1)r for 0 r < 1. Thus it holds that∫
0+
1
ΦN(r)+ Ψ (r) dr =
∫
0+
1
2M2N2φ(r)+ ar dr
 φ(1)
(a+ 2M2N2φ(1))
∫
0+
1
φ(r)
dr
= ∞.
Thus by the example of Lemma 3 [6, p. 157] we have that Condition 3 holds. Therefore by Theorem 2 the proof of the
example is complete. 
Remark 3. See the example in Section 4 of [4] for an example of the function f for which the inequality of (5.2) holds.
Remark 4. Let ξ(t) be a continuous function with |ξ(t)| < β0 for suﬃciently small β0 > 0 and let A(t,u) := Au+ ξ(t)u. Then
Condition 1 is satisﬁed. We omit the details.
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